INTRODUCTION
Although the classification of complex semi-simple Lie algebras was achieved as earlier as 1890 by Killing and Cartan, the classification of solvable Lie algebras is still a hopeless problem. In 1945, Malcev reduced the solvable case to the nilpotent one. w x In San 83 the second author associated canonically a Kac᎐Moody Lie Ž . algebra ᒄ A to each nilpotent Lie algebra; thus breaking the big hopeless Ž . problem into small hopeless ones of type A each .
The ''first'' Kac᎐Moody Lie algebras are the simple Lie algebras of type: A , B , C , D ; in this work we find the number of associated nilpotent Lie 
NILPOTENT LIE ALGEBRAS OF MAXIMAL RANK AND OF CLASSICAL SIMPLE TYPE
1.1. Let ᒊ be a finite-dimensional nilpotent Lie algebra, Der ᒊ its derivation algebra and Aut ᒊ its automorphism group. A torus on ᒊ is a commutative subalgebra of Der ᒊ whose elements are semi-simple. w x Ž . Mostow's Theorem 4.1 Mos says that all maximal for the inclusion tori on ᒊ are conjugate under Aut ᒊ; their common dimension is called the w x rank of ᒊ. By F the rank r of ᒊ is less than the dimension l of w x ᒊr ᒊ,ᒊ ; one says that ᒊ is of maximal rank if r s l. 
Ž . Ž . and let I I A be the set of ideals of R A contained in R A . 
Let V be a complex vector space of dimension l q 1 and let ᒄ Ž . be the algebra sl V of endomorphisms of V with zero trace. One knows Ž . that ᒄ is simple. Denote by E the matrix having 1 in the i, j position i j and 0 elsewhere. The matrices
form a basis of ᒄ. Let ᒅ be the space of all traceless diagonal matrices.
Ž . Then ᒅ is a Cartan subalgebra of ᒄ and the roots of ᒄ, ᒅ are
that is,
Ž . Therefore, the complement in R A of the above chains is 
Ž . I I
A sI I A . Let s resp. s be the number of elements of 
we identify R A with a subset of R A and put
From s s 1 and S we get s ; from s and S we get s .
And we continue until we guess the correct formula. Then we assume the Ž . lemma for m -m, l -l, and we compute s by using S :
Ž .
It follows that s s ࠻ I I A s s
is given by
We can extend this action to
Ž . Ž . I I A and by t the number of elements of F F
sIlead to y g I for i s 1, . . . , m and y g I for j s l q 2
Ž . with a subset of R A by the mapping y ¬ y
Ž . Ž . Proof. From t s 1 and T we get t ; from t and T we get t .
And we continue until we guess the correct formula. Then we assume the X Ž . lemma for m -m, l -lЈ, and we compute the t by using T : Ž . Proof. By 1.5, a is equal to the number of ᑭ A -orbits of I I A ;
whence the conclusion by 2.7 and 2.10.
If we define
[
admits the following presentation by generators and relations: and we get at once: Therefore the two-by-two nonisomorphic nilpotent Lie algebras of maxi-Ž . mal rank and of type A l s 1, 2, 3, 4 are: 
Ž . Ž .
One knows that ᒄ is simple. Let ᒅ be the set of diagonal elements of ᒄ. It is a commutative subalgebra of ᒄ having for a basis the elements
Recall that E is the matrix having 1 in the i, j position and 0 i j .
Ž . Ž . elsewhere . Let be the basis of ᒅ* dual to H and set 
Then by simple calculations we get 
Using the values of the entries a of B we notice that the
Ž . Therefore, the complement in R B of the above chains is 
Ž . The set R B is an ideal of R B and can be identified to the ideal
of R A by the following isomorphism:
; the mapping I ¬ J being obviously a bijection from
ž / m and this holds for m s 0, too.
Ž .

It follows that ࠻ I I B s b
is given by Proof is left to the reader. 
Proof. One knows that B and C are dual to each other and it is easy
be a complex vector space of dimension 2 l and ⌿ be a nondegenerate symmetric bilinear form on V whose matrix is the 2 l = 2 l one:
Let ᒄ be the set of all endomorphisms x of V:
one knows that ᒄ is a simple Lie algebra. Let ᒅ be the set of diagonal elements of ᒄ. It is a commutative subalgebra of ᒄ having for basis the elements:
Recall that E is the matrix having 1 in the i, j -position and 0 else-
where .
Ž . Ž . Let be the basis of ᒅ* dual to H and set
Ä 4 i j Ž . then ᒅ is a Cartan subalgebra of ᒄ and the roots of ᒄ, ᒅ are the elements of R. The root system R is of type D with
The set of positive roots relative to B is
Then by simple computations we get
Ž . the other ones are either 0 or deduced by antisymmetry .
5.3.
Using the values a of D we notice that the chains and if we take k s l y 5, p s 2 l y 5 in the above identity we get 
